This paper presents the q-analogue of Toda lattice system of difference equations by discussing the q-discretization in three aspects: differential-q-difference, q-difference-q-difference and q-differential-q-difference Toda equation. The paper develops three-q-soliton solutions, which are expressed in the form of a polynomial in power functions, for the differential-q-difference and q-difference-q-difference Toda equations by Hirota direct method. Furthermore, it introduces q-Hirota D-operator and presents the q-differential-q-difference version of Toda equation. Finally, the paper presents its solitary wave like a solution in terms of q-exponential function and explains the nonexistence of further solutions in terms of q-exponentials by the virtue of Hirota perturbation.
Introduction
In the literature, to find exact solutions of nonlinear partial differential equations, a vast variety of methods have been proposed such as the inverse scattering transform [] , Bäck-lund transformation [], Hirota direct method and several dressing methods. Among these methods, Hirota direct method, introduced in the pioneering article [] , is one of the most effective and fastest methods for constructing not only multi-soliton solutions but also some special solutions of integrable nonlinear evolution equations. The method has been shown to be applicable to a wide class of equations including nonlinear differential, nonlinear differential-difference and nonlinear difference equations [-] . The first step of the method is to utilize a dependent variable transformation to convert the nonlinear partial differential or difference equation into a quadratic form, the so-called bilinear form, in the new dependent variables. The fundamental idea behind the method is to write the bilinear form as a polynomial of Hirota-D operator (derivative). This compact form is called a Hirota bilinear form. It should be noted that it is not possible to give an algorithm to write every nonlinear partial differential or difference equation in a Hirota bilinear form. Besides some equations may not have Hirota bilinear forms but trilinear or multilinear forms [] . It is conjectured that all completely integrable nonlinear partial differential or difference equations can be written in a Hirota bilinear form. On the other hand, for an equation admitting a Hirota bilinear form does not guarantee the existence of N -soliton solutions of any order. The equations admitting a Hirota bilinear form and having -soliton solutions are said to be Hirota integrable. Such equations together with Painlevé approach are widely http://www.advancesindifferenceequations.com/content/2012/1/121 believed to be integrable. Therefore, Hirota direct method builds a bridge between having multi-soliton solutions and the theory of integrability, in the sense that the so-called Hirota condition (three-soliton solution condition) is a milestone for investigating the integrability of an equation [-] . The rest of the method is to use a perturbation expansion (also known as Hirota perturbation) in a Hirota bilinear form, collect the coefficients of perturbation parameter and analyze the conditions for multi-soliton solutions.
The new dependent variables (the so-called τ -functions) are essential in the literature. They are expressed as polynomials in exponential functions in Hirota perturbation while in Sato theory they are written in terms of Wronski or Casorati determinants providing solutions to equations in bilinear forms [, ] .
In [] , a general framework of integrable discrete systems on R is introduced by the virtue of discrete one-parameter group of diffeomorphisms. These diffeomorphisms are expressed by infinitesimal generators χ(x)∂ x , where in particular, χ =  corresponds to Toda lattice while χ = x subtends to q-deformed Toda lattice. It is concluded that all discrete systems determined by different vector fields χ(x)∂ x are not globally equivalent, moreover q-difference systems on R -are not isomorphic to lattice systems on R.
Inspired by this fact, the purpose of this paper is to present the q-analogue of Toda lattice system of difference equations and discuss the applicability of Hirota direct method for constructing multi-soliton solutions. There are several ways to q-discretize a given continuous equation. By q-discretization we mean q-difference equations determined by q-difference operator and additionally q-differential equations constructed by q-derivative operator. Therefore, we present q-discretization in three aspects: differential-q-difference, q-difference-q-difference and q-differential-q-difference Toda equation. We show that Hirota direct method allows to produce three-soliton solutions for the differential-qdifference and q-difference-q-difference Toda equations. We emphasize that the solutions not only possess soliton behaviors but have additional power counterparts for q-discrete variables. We call such soliton solutions as q-soliton solutions. Therefore, unlike the Toda equation [] or discrete-time Toda equation [] , the differential-q-difference and qdifference-q-difference Toda equations have soliton solutions in the form of a polynomial in power functions. On the other hand, we conclude that Hirota direct method fails to derive multi-soliton solutions of the q-differential-q difference Toda equation. Furthermore, it is not possible to obtain multi-soliton solutions for any q-differential-q-difference or q-differential-difference type of equations by means of Hirota perturbation.
In Section , we introduce the q-analogue of the exponential identity in order to overcome the obstacles in front of deriving a Hirota bilinear form for q-discrete equations. This exponential identity arises in terms of forward and backward shift not on the level of additive sense but multiplicative sense. In Section , we propose the differential-q-difference Toda equation. Since Hirota condition (three-soliton solution condition) is an indicator for integrability, we present three-q-soliton solutions of the differential-q-difference Toda equation. In Section , reversing the procedure, we introduce a proper Hirota bilinear form from which we construct q-difference-q-difference Toda equation and its three-qsoliton solutions. In the last section, we introduce and develop the notion of q-Hirota D-operator. We present the q-differential-q-difference version of Toda equation and construct its Hirota bilinear form in terms of q-Hirota D-operator. We present its solitary wave like a solution in terms of q-exponential function and explain the nonexistence of further q-exponential type solutions by Hirota perturbation. http://www.advancesindifferenceequations.com/content/2012/1/121
Basic notions
In order to obtain the solutions of nonlinear partial differential or difference equations
Hirota direct method allows to write such equations in a form where the new dependent variables appear bilinearly by using suitable bilinearizing transformations
This form is called bilinear form of F [u] . We should remark that some integrable equations can only be transformed to a single bilinear form while some of them can be written as a combination of bilinear forms. On the other hand, for some equations it is not possible to find a proper transformation. The next step towards Hirota direct method, is introducing the so-called Hirota D-operator which is a binary differential operator exhibiting a new calculus.
Definition . Let S be a space of differentiable functions f :
where x, t, . . . are independent variables and m i ∈ Z + , ∀i ≥ .
The core of the method is to construct the so-called Hirota bilinear form, which is a compact form of the bilinear form of F [u] , expressed in terms of a polynomial of Hirota-D operator. The last step towards the method is the application of the Hirota perturbation. We plug the finite perturbation expansion of the dependent variables f (x, t, . . .) into a Hirota bilinear form. We examine the coefficients of the perturbation parameter and analyze the conditions for multi-soliton solutions. We finish this section by summing up the properties of the Hirota D-operator () [] .
Proposition . Let P(D) be an arbitrary polynomial in D acting on two differentiable functions f (x, t, . . .) and g(x, t, . . .), then the following equations hold:
where ∂ is the usual differential operator.
q-exponential identity
It is possible to introduce Hirota D-operator by the virtue of the exponential identity
where h is a parameter and f , g are continuously differentiable functions to all orders in x. In this section, our aim is to introduce the q-analogue of the exponential identity (). For http://www.advancesindifferenceequations.com/content/2012/1/121 this purpose, we first explain its construction by using the notions presented in [] . Let σ : R → R and ρ : R → R be the forward and backward jump operators, respectively. Here, in m ∈ Z + forward steps, x ∈ R is mapped to σ m (x), where σ m is the m-times composition of σ , and in m backward steps x is mapped to ρ m (x). If there exist inverse maps σ - and
for all x ∈ R, then bijective σ defines a discrete one-parameter group of bijections on R: Z m → {σ m : R → R}, where σ  ≡ id R .
Since infinite-dimensional systems of smooth dynamical fields are under consideration, it is better to introduce one-parameter group of diffeomorphisms instead of bijections.
Consider the continuous one-parameter group of diffeomorphisms R t → σ t . By Taylor expansion of σ t around t = ,
it is clear that one-parameter group of diffeomorphism is generated by a vector field (the
, where
is smooth on R except at most finite number of points. The computation of oneparameter group generated by a vector field is often referred as exponentiation of the vector field, therefore we have
where u(x) is a smooth function and h >  is some deformation parameter. If we consider the vector fields of the form χ(
which corresponds to the q-difference type of discussions. For n = , we deal with the case of lattice type
All discrete systems defined by different vector fields χ(x)∂ x are not globally equivalent. However, it is possible to find a local transformation relating these vector fields. If we consider χ(x) = x -n where n (n = ) is odd, and χ (x ) = , there exists a bijection x =  n x n on R -{}. Therefore all discrete systems generated by χ(x)∂ x = x -n ∂ x (n is odd), can be reduced to the original lattice Toda-type systems with x = . However, if we consider χ(x) = x (q-discrete case) and χ (x ) = , we have x = e x which is not a bijection provided that x / ∈ R + (see [] for more precise details).
As a result, q-difference systems on R -, determined by q-shift operators E q := e hx∂ x are not isomorphic to lattice systems on R. Motivated by this in-equivalence, in order to examine how soliton solutions of q-difference systems differ from soliton solutions of discrete systems, we introduce the following q-exponential identity. Such q-exponential identity shed light to construct Hirota bilinear forms of q-discrete equations under consideration. http://www.advancesindifferenceequations.com/content/2012/1/121
Theorem . For arbitrary continuously differentiable functions f (x), g(x)
, the q-exponential identity
holds where we have the usual relation between two quantum parameters h and q as q = e h .
Here E q and E - q are q-forward and backward jump operators, respectively acting as
Proof First, we note that for the left hand side of the identity (), we are not able to expand the exponential operator since D x is not an associative bilinear operation. Besides, for the right hand side, the Taylor series expansions are not valid either because of the fact that we seek for forward and backward shifting not on the level of additive sense but multiplicative sense. Therefore, the only way to prove the identity is to make use of the change of variable xD x = D x which implies x = e x by integration with respect to x. Here integration constant is ignored since it would be embedded while the operator D x acts in a Hirota bilinear form. Then
(   )
Using () for the right hand side of (), we end up with
We finish this section by defining the following difference operator.
Note that throughout the forthcoming framework, we may suppose q > . One can rewrite (), by using the q-forward and backward jump operators () as
The differential-q-difference Toda equation
Toda equation [] which describes the motions of anharmonic one-dimensional lattice is given by
where a, b and m are real constants. Introducing the force of the nth spring in the lattice
as a rapidly decaying function, the equation () turns out to be
In this section, our aim is to establish the three-soliton solutions of the differential-qdifference Toda equation proposed as follows:
Let us introduce the dependent variable transformation as
If we integrate () twice with respect to time variable t, make use of the transformation () in () and impose the condition that V is a rapidly decaying function, we evolve the bilinear form for f (x, t)
One can derive a Hirota bilinear form, namely the bilinear form in terms of Hirota Doperator, as
what follows from () by multiplying with f  (x, t), where we utilize the q-exponential identity (). In order to obtain three-soliton solutions, we make use of finite perturbation expansion around a formal perturbation parameter ε, as
we have
Here P(D) is given by (). We collect the coefficients of ε i , ∀i ≥ . The coefficient of the first term ε  vanishes trivially, while from the coefficient of ε  , we have
which is a direct result of the property () of D operator, since P(D) is of even order. We need to seek for a solution for the equation ().
Remark . The general tendency for soliton solutions is being of exponential type; however, such an exponential function f () does not satisfy the equation (). Because of the nature of the q-numbers, the solution of the equation () should have a power function for the q-discrete space variable counterpart. Therefore, one may choose the starting solution of () as
where α, η are arbitrary constants. Indeed, such an inevitable choice is a direct consequence of change of variable ∂ y = x∂ x .
Hereafter, throughout the rest of the discussions, we give the following definition.
Definition . A solution possessing usual soliton behaviors and having power counterparts for q-discrete variables is called a q-soliton solution.
If we substitute () in (), we derive the relation among the parameters
which is said to be dispersion relation. The coefficient of ε  , resulting from (), yields as
which implies explicitly
We note that since f () given in () satisfies the form (), we are allowed to assume all higher order terms to be taken zero, i.e., f (j) = , j ≥ . Thus, hereafter as a generalization of this fact, one can assume in deriving i-q-soliton solution, f (j) =  for all j ≥ i + . Without loss of generality, we may set ε = ; and therefore, we construct one-q-soliton solution using () by the virtue of () and () as
For the two-q-soliton solutions, we choose the starting solution of () as
where α i , η i are arbitrary constants ∀i = , . Similarly, collecting the coefficients of ε i , ∀i ≥ , the coefficient of ε  vanishes trivially and from the coefficient of ε  , we obtain the related dispersion relation
Here we remark that the use of vector notation
leads to rewrite dispersion relation () as P(pi) = , for all i = , . Subsequently, the coefficient of ε  implies
Thus, f () is of the form
Plugging such f () into (), one can obtain the interaction term which determines the change of position resulting from the interaction of two-q-solitons as
Since f () = , by the use of the dispersion relation () the coefficient of ε  vanishes trivially, so do the rest of ε j , ∀j > . Thus, the solution describing a head collision of two-qsolitons (see Figure ) is expressed as
One can derive the three-q-soliton solution, by choosing the starting solution of () as
where α i , η i are arbitrary constants ∀i = , , . Similar to the previous arguments, the coefficient of ε  vanishes trivially. From the coefficient of ε  , we have the corresponding dispersion relation while from the coefficient of ε  , we obtain
where the summation is over all possible pairs of three elements such that i < j. The equation () implies the explicit form of f
where the interaction terms among three-q-soliton solutions are
Once we have f () and f () , using the coefficient of ε
which is equivalent to
where
we can deduce that f () is of the form
On the other hand, if we consider the coefficient of ε  , knowing the fact that f () = , the perturbation equation () implies that
To be more precise, we have
The above expression is satisfied provided that
Since both expressions () and () for A(, , ) should be equivalent, this equivalence gives rise to the fact that P(D) given by () is not arbitrary but should satisfy Hirota condition (three-soliton solution condition) []
which can be written as
Here the multiplication is over all possible pairs of three elements such that i < j. Therefore, since the parameters are restricted by the dispersion relations, the existence of a threesoliton solution is a constraint on P given by (). Finally, the coefficients of ε j for all j ≥  vanish and the solution describing a head collision of three-q-solitons (see Figure ) is expressed as whose one-q-soliton solution turns out to be
Subsequently, one can rewrite solutions describing two-q-solitons () and three-qsolitons ().
The q-difference-q-difference Toda equation
In this section, we first answer the question of how to q-discretize the continuous time, in the light of q-difference operator (). In order to propose the q-difference-q-difference Toda equation, we reverse the procedure and introduce a proper Hirota bilinear form
which is a generalization of (). Indeed, setting τ = exp(ht) 
By the virtue of the q-exponential identity (), we may set
equipped with e h = q and e h = q respectively. Here we remark that nonuniform step sizes q and q for the variables τ and y are different. Thus, Hirota bilinear form () turns out to be
We divide () by f  (τ , y) and introduce the dependent variable transformation as
In order to construct the q-difference-q-difference analogue of Toda equation, we consider
from which one can encounter
On the other hand, if we consider
The equations () and () give rise to the desired q-difference-q-difference Toda equation
For the rest of the discussion, to construct the three-q-soliton solutions of the equation (), we utilize alike tools. Inserting the finite perturbation expansion () in Hirota bilinear form () and collecting the coefficients of ε i , ∀i ≥ , the first coefficient is identically zero while the power of ε  implies that
Both space and time variables being q-discrete, by the Remark ., it is possible to choose the starting solution of () as of the power form in both variables
where η, α are nonzero arbitrary constants and the related dispersion relation among the parameters is as follows:
Since all higher order perturbation parameters ε i , i ≥  vanish by the assumption for isoliton solution, f (j) =  for all j ≥ i + , we derive one-q-soliton solution using (), () and () as
If we choose the starting solution of () as
where η i , α i are arbitrary nonzero constants for all i = , , the coefficient of ε  leads to the dispersion relation
and the solution describing collisions of two-q-solitons is determined as
what follows from the coefficient of ε  allowing the form of f () as
where the phase shift A(, ) among two-q-soliton solutions is expressed
by means of vector notation p  ± p  = (α  ± α  , β  ± β  , η  ± η  ). Here the coefficient of ε j vanishes for all j > , by the assumption f () =  and the dispersion relation () (see 
